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We report on a new class of critical states in the energy spectrum of general Fibonacci systems. By
introducing a transfer matrix renormalization technique, we prove that the charge distribution of these
states spreads over the whole system, showing transport properties characteristic of electronic extended
states. Our analytical method is a first step to find out the link between the spatial structure of critical
wave functions and their related transport properties.
PACS numbers: 71.23.Ft, 61.44.–nThe notion of critical wave function (CWF) has
evolved continuously since its introduction in the study of
aperiodic systems [1], leading to a somewhat confusing
situation. For instance, references to self-similar, chaotic,
quasiperiodic, latticelike, or quasilocalized CWFs can
be found in the literature depending on the different
criteria adopted to characterize them [2–6]. Generally
speaking, CWFs exhibit a rather involved oscillatory be-
havior, displaying strong spatial fluctuations which show
distinctive self-similar features in some instances. As a
consequence, the notion of an envelope function, which
has been most fruitful in the study of both extended and
localized states, is mathematically ill-defined in the case
of CWFs, and other approaches are required to properly
describe them and to understand their structure.
Most interestingly, the possible existence of extended
states in several kinds of aperiodic systems, including
both quasiperiodic [7–10] and nonquasiperiodic ones
[4,11], has been discussed in the last few years spurring
the interest on the precise nature of CWFs and their role in
the physics of aperiodic systems. From a rigorous mathe-
matical point of view the nature of a state is uniquely
determined by the measure of the spectrum to which it
belongs. In this way, since it has been proven that Fi-
bonacci lattices have purely singular continuous energy
spectra [12], we must conclude that the associated elec-
tronic states cannot be, strictly speaking, extended in the
Bloch’s sense. This result holds for other aperiodic lat-
tices (Thue-Morse, period doubling) as well [13], and it
may be a general property of the spectra of self-similar
aperiodic systems [14]. On the other side, from a physi-
cal viewpoint, the states can be classified according to
their transport properties which, in turn, are determined
by the spatial distribution of the wave function amplitudes
(charge distribution). Thus, conducting, crystalline sys-
tems are described by periodic Bloch states, whereas in-
sulating systems are described by exponentially decaying
wave functions corresponding to localized states. In this
sense, since the amplitudes of CWFs in a Fibonacci lat-
tice do not tend to zero at infinity but are bounded below
throughout the system [15], one may expect their physical
behavior to be more similar to that corresponding to ex-
tended states than to localized ones.0031-9007y96y76(16)y2957(4)$10.00In this Letter we are going to show analytically that
a subset of the CWFs belonging to general Fibonacci
systems are extended from a physical point of view.
This result widens the notion of extended wave func-
tion to include electronic states which are not Bloch
functions, and it is a relevant first step to clarify the
precise manner in which the quasiperiodic order of Fi-
bonacci systems influences their transport properties [16].
To this end we present, in the first place, a new renor-
malization approach opening, in a natural way, an al-
gebraic formalism which allows us to give a detailed
analytical account of the transport properties of CWFs
for certain particular values of the energy. In the sec-
ond place, we study the relationship between the spatial
structure of CWFs and their transport properties, show-
ing that self-similar wave functions are those exhibit-
ing higher transmission coefficients in finite Fibonacci
systems.
The formalism we are going to introduce is based on
the transfer matrix technique, where the solution of the
Schrödinger equation is obtained by means of a product
of 2 3 2 matrices. Real-space renormalization group
approaches, based on decimation schemes, have proved
themselves very successful in order to numerically obtain
the energy spectrum of deterministic aperiodic systems
[17,18]. The convenience for such procedures stems from
the fact that, by construction, a given transfer matrix
relates only three consecutive sites along the lattice, so
that by decimating the original chain into successively
longer blocks we are able to describe the electronic state
corresponding to sites farther and farther apart. In this
context, the key point of our procedure consists of the
fact that we renormalize the set of transfer matrices
instead of the lattice itself. Since these matrices contain
all the relevant information concerning the dynamics
of the electrons, our approach becomes especially well
suited to describe the characteristic features associated
with the long-range order of the underlying Fibonacci
system for, as we will see below, it preserves the original
quasiperiodic order of the lattice at any stage of the
renormalization process.
Let us start by considering a general Fibonacci system
in which both diagonal and off-diagonal terms are present© 1996 The American Physical Society 2957
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H ­
X
n
hVnjnl knj 1 tn,n11jnl kn 1 1j
1 tn,n21jnl kn 2 1jj ,
where Vn is the on-site energy and tn,n61 are the nearest-
neighbor hopping integrals. This Hamiltonian can be cast
in terms of the following matrices:
X ;
ˆ
E2b
tAB 21
1 0
!
, Y ;
ˆ
g21
E2a
tAB 2g
21
1 0
!
,
Z ;
ˆ
E2a
tAB 2g
1 0
!
, W ;
ˆ
E2a
tAB 21
1 0
!
,
(1)
where E is the electron energy, asbd denote the on-
site energies of sites A (B), tAB ­ tBA and tAA are
the corresponding hopping integrals, and g ; tAAytAB .
0. Making use of these matrices, and imposing cyclic
boundary conditions, we can translate the atomic se-
quence ABAAB . . . describing the topological order of
the Fibonacci lattice to the transfer matrix sequence
. . . XZYXZYXWXZYXW describing the behavior of elec-
trons moving through it. In spite of its greater apparent
complexity, we realize that by renormalizing this trans-
fer matrix sequence according to the blocking scheme
RA ; ZYX and RB ; WX, we get the considerably sim-
plified sequence . . . RBRARARBRA. The subscripts in the
Rs matrices are introduced to emphasize the fact that the
renormalized transfer matrix sequence is also arranged
according to the Fibonacci sequence and, consequently,
the topological order present in the original lattice is pre-
served by the renormalization process. Let N ­ Fn be
the number of lattice sites, where Fn is a Fibonacci num-
ber obtained from the recursive law Fn ­ Fn21 1 Fn22,
with F1 ­ 1 and F0 ­ 1. It can then be shown by induc-
tion that the renormalized sequence contains nA ; Fn23
matrices RA and nB ; Fn24 matrices RB.
We will now use two properties of the Rs matrices
to develop our procedure. First, they are unimodular
(i.e., their determinant equals unity) for any choice of the
system parameters and for any value of the electron energy.
Second, they commute for certain values of the energy. In
fact, after some algebra we get
fRA, RBg ­
as1 1 g2d 2 Es1 2 g2d
g
µ
1 0
E 1 a 21
¶
,
(2)
where we have defined the origin of energies in such
a way that b ­ 2a and tAB ; 1. This commutator is
considerably simplified for the two cases mostly discussed
in the literature, namely, the on-site (g ; 1) and transfer
(a ; 0) models. The expression (2) shows that the on-site
model is intrinsically noncommutative, for the commutator
vanishes only in the trivial periodic case. On the contrary,
in the transfer model the R matrices commute for the
energy value E ­ 0, which corresponds to the center of2958the energy spectrum. Most interestingly, according to
expression (2), there exists always one energy satisfying
the relation
E ­ a
1 1 g2
1 2 g2
, (3)
for any realization of the mixed model (i.e., for any com-
bination of a and g Þ 1 values). For these energies the
condition fRA, RBg ­ 0 is fulfilled and, making use of the
Cayley-Hamilton theorem for unimodular matrices [20],
the global transfer matrix of the system, MsNd ; RnAA R
nB
B ,
can be explicitly evaluated in terms of Chebyshev poly-
nomials of the second kind. Alternatively, the required
power matrices can be evaluated by diagonalizing them to
a common basis. From the knowledge of MsNd the condi-
tion for the considered energy value to be in the spectrum,
jTrfMsNdgj # 2, can be readily checked and, afterwards,
relevant magnitudes describing their transport properties
can be determined explicitly. In this way, given any ar-
bitrary Fibonacci lattice, we are able to obtain a subset
of its energy spectrum whose eigenstates can be studied
analytically.
We look for energies where the corresponding wave
functions do not grow exponentially with the system
size. This leads to the condition that the modulus
of the common eigenvalues of matrices RA and RB
should be unity. This condition is fulfilled by the subset
of energies (3) satisfying j2g 2 pa2 1 4j # jaj. The
global transfer matrices corresponding to these energies
can be expressed, after lengthy algebra, in the closed form
MsNd ­
1
sinf
µ
sinfsN 1 1dfg 2g sinsNfd
g21 sinsNfd 2 sinfsN 2 1dfg
¶
,
(4)
where 2 cosf ;
p
E2 2 a2. From expression (4) we
get TrfMsNdg ­ 2 cossNfd and, consequently, we can
ensure that these energies belong to the spectrum in
the quasiperiodic limit (N ! ‘). Now, we proceed to
the calculation of the transmission coefficient, tsNd, a
magnitude directly related to the Landauer resistivity [21],
r, by embedding the Fibonacci lattice in an infinite
periodic arrangement of identical atoms connected by
hopping integrals t ; 1. In this way we obtain
tsNd ­
1
1 1 r
­
1
1 1 fs1 2 g2d2ys4 2 E2dg2g sin2sNfd . (5)
Two important conclusions can be drawn from this
expression. In the first place, the transmission coefficient
is always bounded below for any lattice length, which
proves the true extended character of the related states.
In the second place, since the factor multiplying the sine
in the denominator of expression (5) only vanishes in the
case g ­ 1, the critical states we are considering do not
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quasiperiodic limit. However, it is possible to find states
satisfying the transparency condition in finite Fibonacci
systems whose length satisfies the relationship Nf ­ kp ,
k ­ 1, 2 . . . , which, in turn, implies
Eskd ­ 6
q
a2 1 4 cos2skpyNd , (6)
with jaj , 2. In this way, the transparent states can be
classified according to a well defined scheme determined
by the integer k.
Now let us consider the spatial structure of the states
corresponding to expressions (3) and (6). Representative
examples are, respectively, shown in Figs. 1 and 2. The
charge distribution shown in Fig. 1(a) corresponds to the
state of energy E1 ­ 21.25 in a Fibonacci chain with
N ­ F16 ­ 1597 sites and lattice parameters g ­ 2 and
a ­ 0.75. The overall behavior of the wave function am-
plitudes, which we have calculated exactly with the aid of
our matrix formalism making use of the initial conditions
w0 ­ 0 and w1 ­ 1, clearly indicates its extended charac-
ter. At this point it is worth mentioning that, albeit its ap-
FIG. 1. Electronic charge distribution in Fibonacci lattices
with N ­ F16 and (a) g ­ 2, a ­ 0.75, E1 ­ 21.25 and (b)
g ­ 2, a ­ 0.5, E2 ­ 25y6. Their transmission coefficients
are, respectively, tsE1d ­ 0.5909 . . . and tsE2d ­ 0.7425 . . . .pearance, this wave function is nonperiodic: The sequence
of values taken by the wave function amplitude is arranged
according to a quasiperiodic sequence. Figure 1(b) shows
the charge distribution corresponding to the state of energy
E2 ­ 25y6 in a system of the same length and model pa-
rameters g ­ 2.0 and a ­ 0.5. At first sight, by com-
paring both figures, one may be tempted to think that the
transmission coefficient corresponding to the wave func-
tion plotted in Fig. 1(a) must be higher than that corre-
sponding to the wave function shown in Fig. 1(b), because
the charge distribution of the former along the system is
more homogeneous than that corresponding to the latter.
Actually, however, making use of expression (5), we found
tsE1d ­ 0.5909 . . . and tsE2d ­ 0.7425 . . . , which is pre-
cisely the opposite case.
To gain further insight into the behavior of the wave
function at all length scales we have performed a multi-
fractal analysis of these states. The amplitude distribution
of the electronic states has been characterized by the
scaling of moments mqsNd of order q, associated with
their charge distribution, with the system size (for a
definition of those moments see, e.g., Ref. [22]). The
multifractal dimension Dq is determined via the scaling
mqsNd , N s12qdDq for q Þ 0. In all cases studied we
have found that Dq ­ 1, for all q, and for system
sizes as large as N ­ F30 ­ 1 346 269. Thus the lack
of multifractality along with the fact that Dq equals
the spatial dimension clearly confirms that these states
uniformly spread over the whole system.
In Fig. 2 we show the typical charge distribution cor-
responding to states given by expression (6) for a system
with N ­ F17 ­ 2584 and model parameters g ­ 2 and
a ­ 0.1. These states exhibit, in general, a characteristic
self-similar structure in a statistical sense. Making use of
(5) we get tfEskdg ­ 1, indicating that, in finite Fibonacci
FIG. 2. Electronic charge distribution in a Fibonacci lat-
tice with N ­ F17, g ­ 2, a ­ 0.1, and Esk ­ 1160d ­
2
p
a2 1 4 cos2s1160pyNd corresponding to a transparent
state for which tsEd ­ 1. Statistical self-similar features are
clearly seen.2959
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port properties than those corresponding to more homoge-
neous wave functions shown in Fig. 1.
Summing up, in this paper we show that, for general Fi-
bonacci systems in which both diagonal and off-diagonal
quasiperiodic order is present in their model Hamilton-
ian, there exists a set of extended critical states for which
t Þ 0 when N ! ‘. At the same time, these energies
do not correspond to transparent states in the quasiperi-
odic limit (t , 1). Therefore, the transmission coeffi-
cient for this class of critical states satisfies 0 , t , 1, in
agreement with the view of critical states as intermediate
between periodic Bloch wave functions (t ­ 1) and An-
derson localized states (t ­ 0). On the other side, we
also show that it is possible to design finite Fibonacci sys-
tems able to support transparent states for certain specific
energies, and that the charge distribution of such states in
the space display self-similar patterns.
This we have shown by means of a transfer matrix
renormalization technique which allows us to unveil the
effects of short-range correlations by grouping ABA sites
and AB sites into the matrices RA and RB, respectively.
In this sense we can properly ensure that these states are
characteristic of the quasiperiodic order of the underlying
lattice. Interestingly we note that similar results concern-
ing extended states in Thue-Morse chains have been re-
cently reported in the literature [23]. We wish to stress
that the algebraic approach presented in this work can be
extended in a straightforward manner to other kinds of
aperiodic systems based on substitution sequences, and
therefore it can be relevant in order to attain a unified
treatment of physical properties of aperiodic systems.
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